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GEOMETRIC CLASS FIELD THEORY 


Abstract. In this paper we prove global class field theory using a purely geo¬ 
metric result. We first write in detail Deligne’s proof to the unramified case of 
class field theory, including defining the required objects for the proof. Then we 
generalize the notions appearing in the proof to prove also the tamely ramified 
case relying on the unramified one. 


1. Introduction 


In this paper, we assume familiarity with some standard notions from commuta¬ 
tive algebra, algebraic geometry, algebraic number theory and the theory of etale 
morphisms, which can be found for example in |AMj . |Haj . |CFj and |Mij respec¬ 
tively. 

Class field theory was developed in the period between 1850 to 1950. Its results 
describe the Galois groups of abelian extensions of global and local fields. 

One type of global fields, which will be the only type we deal with in this work, are 
function fields over finite fields. These are field extensions of transcendence degree 
1 over the finite field Fg. Function fields enjoy the nice properties of global fields, in 
particular the Galois group of an abelian extension can be described in terms of the 
valuations of the field. But in addition, they have unique special advantages of their 
own, e.g., there are no Archimedean places in function fields. More importantly, 
function helds can be realized, as their name suggests, as helds of rational functions 
on algebraic curves. 

The hrst proofs of class held theory didn’t make use of these advantages of the 
function held case and are somewhat complicated. In the 50s, S. Lang, M. Rosenlicht 
and J. -P. Serre proved class held theory using algebraic geometry and the close 
relation between function helds and algebraic curves. We develop this connection in 
Section]^ and Section]^ The old meaning of the term ’’geometric class held theory” 
is this theory of Lang and Rosenlicht, which can be found in |Selj . 

Later, P. Deligne gave an elegant proof of unramihed global class held theory over 
function helds using f-adic sheaves. In modern language, the notion ’’geometric 
class held theory” refers to working with sheaves rather than functions, and this is 
the language we use starting from Section In this modern viewpoint we get the 
result of class held theory as a corollary of the main theorem |7.4[ A sketch of the 
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proof of the main theorem, only in its unramihed version, can be found also in 
(only the complex case) or in |Frl] (the general base held case). 

In addition to its beauty, Deligne’s proof has a more important advantage, in¬ 
stead of describing Ga/(iF“^/iF), the Galois group of the maximal abelian extension 
of the held iF, it describes characters of the Galois group of the maximal extension: 
Gal^KjK) Q^. Although it is equivalent, characters can be generalized to rep¬ 
resentations in non-abelian groups, such as or more generally, a reductive 

group G (conjecturally), in order to obtain a non-abelian generalization of class held 
theory. This is the essence of the Langlands program, but we shall not deal with 
the non-abelian case here. 

In this paper we hrst dehne the required notions and state the unramihed and 
ramihed versions of global class held theory (theorems 2.8 and 2.16| respectively). 
This is done in Section [2l 

We develop the geometric objects which correspond to the ones occurring in class 
held theory. The most important objects here are the generalized Picard group 
(Section]^ and the etale fundamental group of a scheme (Section]^; these objects 
correspond to the adelic side and the Galois side in classical class held theory, 
respectively. These sections also explain how the classical and geometric objects 
are connected. In fact, this is a restatement of the classical theorems of class held 
theory in the language of algebraic geometry. 

In Section we explain relations between sheaves and functions. The motivation 
here is to consider things from the modern viewpoint of algebraic geometry, which 
uses sheaves rather than functions. As we shall see, this viewpoint is more convenient 
to work with since standard operations on functions have analogous operations on 
sheaves, but there are additional ways to manipulate sheaves that don’t exist for 
functions. 

Section hnally starts to prove class held theory. Glass held theory is a corre¬ 
spondence between adelic and Galois representations. In this section we prove the 
easier part of the correspondence, we construct from an adelic representation a Ga¬ 
lois one, saving the converse construction for later. We prove here the unramihed 
and tamely ramihed cases. 

Section gives the statement of the geometric result from which class held theory 
follows. There are three versions of the theorem: for the unramihed case, the 
ramihed case, and the ramihed version in characteristic zero. The third has nothing 
to do with classical class held theory, but we state it for its own interest. In this 
section we also show why the geometric results imply class held theory. 

Sectionj^is devoted to a detailed explanation of the proof of the geometric theorem 
in its unramihed case. While Section gives the modihcations of the proof in the 
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ramified version, the characteristic zero case and the tamely ramihed case follows 
relatively easily from the unramihed case after all this preliminary work. 

2. CLASSICAL GLOBAL CLASS FIELD THEORY 

In this section, we state some of the results of global class held theory in the 
function held case. Proofs will be given later using geometric techniques. 

Notation 2.1. We use some standard notations from class held theory: K will be 
a function held over Fg, q = p^, p e Z is a prime number and £ ^ p is another prime. 
We let n or p denote a valuation of K . By abuse of language we will sometimes 
interchange between the words prime, valuation and place. (or Kp) will be the 
completion of K at v. (or Op) the ring of integers in and rrit, the corresponding 
maximal ideal of O^. 

K is the separable closure of K and Gk will denote Gal{KjK) the absolute Galois 
group of K. 

Definition 2.2 (Adele ring). The adele ring of K is the restricted topological prod¬ 
uct Kk '■= with respect to the open subrings the product is taken over all 

V 

the primes of K. 

According to the dehnition of restricted topological product, the group of invert¬ 
ible adeles is 

^ '■ Ojv for almost ally} 

V 

There exists a subring Ok = Y\Ov of Ak- 

V 

There exists also an inclusion i: K Ak dehned by a (a)^ which has a discrete 
image. By abuse of notation we denote the image i{K) by K. 

The following dehnition will help us to establish a connection between extensions 
of a global held and its localizations: 

Definition 2.3. (1) Let K'jK be a hnite Galois extension with Galois group 

Gk'/k, P a prime ideal of K and fp is a prime over p in K'. 

The decomposition group is dehned to be: 

Dm = {aeGK'/K--cr^f = ^} 

(2) A compatible set of primes is a choice of a prime fp' over p for any hnite 

Galois extension K' 2 K. Such that if K" 2 K' 2 K, and are the 

corresponding primes then is over In this case, for such extensions 
we have a map D(fp'). 

(3) For a compatible system primes ^ over p, the inverse limit of the decompo¬ 
sition groups D{ lim can be dehned. 

K^K' 
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Remark 2.4. 

(1) Since the elements of -D(^) acts continuously with respect to the ^-adic 

topology, we obtain a map ^ Gal^Kl^jKp), this map is an isomor¬ 

phism. Also, D{ lim ^') is a subgroup of Gk isomorphic to Gxp- 

KzK' 

(2) There exists a surjective map *2 • Gal^K'^jKp) -»■ Gal{¥qijWq) here, Fq^,Fg 
are the residue helds of K', K respectively. The kernel of the map 12 o A is a 
normal subgroup of the decomposition group T*(^), it is called the inertia 
group and it is denoted /(^). 

1 ^ /(^) -> D{^) -> Gal(¥q,/¥q) ^ 1 

(3) Note that if are different primes of K' over p, then and 

are conjugate subgroups of Gk'Jk- Hence a character of Gk'/k vanishes 
on one iff it vanishes on the other, those the notion of vanishing on the 
decomposition group (or some specihc subgroup of it) is independent of the 
choice of 

(4) A similar result is true for the inverse limits: the decomposition groups for 
different choices of compatible system of primes D{ lim^) and D{ limip') 

K5K' K5K' 

are conjugate in Gk- A similar result applies to the inertia group. 
According to the last remark, the following is well dehned: 

Definition 2.5. Let p : Gk ^ be a character. 

(1) p is unramified at p if it is vanishes on the inertia group /( lim ^') for some 

K5K' 

(hence any) compatible set of primes over p. 

(2) p is unramified if it is unramihed at any p. 

We shall now dehne special elements of the Galois group and the invertible adele 
group, that will correspond to one another under global class held theory. 


( 1 ) 

(2) 


Definition 2.6. Assume p is a prime of K. 

Let Tip = (ap')p' e denote an element such that apr = 1 for p' p and 

Op = TTp a uniformizer, i.e. a generator of trip. 

In the notation of the above dehnition, since F^^/Fg is an extension of hnite 
helds, there exists the Frobenius automorphism F € Gal(¥qfi¥q), dehned by 
F{x) = x^. Recall the exact sequence from remark 2.4 (2), the inverse image 
Frtp/p of F in D(^) is dehned up to an element of the inertia subgroup /(^). 

Note that the diherent decomposition groups for diherent primes ^ are 
conjugate to one another in Gal{K'jK). Therefore, F^sp/p dehnes up to 
inertia and conjugacy an element of Gal{K'jK), which is the Frobenius 
element. 
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(3) Taking the inverse limit of the Frobenins elements in a compatible set of 
primes, we obtain the Frobenins element Frp e Gk, which is also dehned np 
to conjngacy and inertia. 

Remark 2.7. Note that if a character p : Gk is unramihed at p, then it 

vanishes on the inertia /( lim Since is abelian, the valne of p is constant on 


AsK' 


the conjngacy class. Combining this two facts we get that in this case p(Frp) has 
well dehned valne. 

We are hnally ready to state the nnramihed version of global class held theory 
over fnnction helds: 

Theorem 2.8 (Unramihed class held theory). In the above notations: 

(1) For each character ^ there exists a unique continuous 

unramified character p : Gk such that p{Fr^) = for all v. 

(2) For each continuous unramified character p : Gk there exists a unique 

character ^ -> such that p{Fry) = ^(vr^) for all v. 

To deal with ramihed extensions, we mnst hrst dehne a notion that qnantify the 
ramihcation of an extension at some prime: 

Definition 2.9 (Higher ramihcation gronps). See also |Se3j for this dehni- 
tion and properties. 

(1) Let L be complete with respect to a nontrivial discrete valnation. L' a hnite 
Galois extension of L with Galois group Gl'il- Then the u lower numbered 
ramification group, u > -1 of this extension is G^il^u = {ct e G^il ■ Va e 
OL',VL{o-{a) - a) >M + 1}. 

(2) In the same situation dehne the Herbrand function 4>l'Il ■ [”1, 


by: 



this function is clearly increasing (and piecewise linear), therefore it has an 
inverse. 

(3) Dehne the v upper numbered ramification group by Gf,^^ := Gkil,u where 
V = (pL'iLiu)- 

(4) If L" 2 L' 2 L are hnite Galois extension of complete nontrivial DVR. Then 

the quotient map Gk'/l Gl'/l induces maps -> (see |Se3j L So 

we dehne the higher ramification groups of L by Gf = \im. G\,i^. 
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Remark 2.10. Note that is precisely the inertia group /(^) dehned above, 

where L' is the completion of K' at the prime 

Definition 2.11. (1) A p group is a hnite group of order a power of p. 

(2) A pro-p group is an inverse limit of p-groups. 

Proposition 2.12. With the notations above, the group is isomorphic 

to a subgroup of¥^ hence it is a finite group of order prime to p. for i>l are 

p-groups. 

Proof |Se3t Chapter IV, §2, Corollaries 1,3]. □ 

With this dehnition in hand, we can hnally measure the ramihcation of held 
extensions: 


Definition 2.13 (Ramihcation). Let p : Gk ^ be a character of Gk in the held 
of Gadic numbers (or any other held) and let p be a prime of K. Recall that the 
decomposition group D(p) is dehned up to conjugacy in Gk and it is isomorphic to 
Gk^ (it will sometimes be denoted by Gp). 

(1) We say that ramp{p) <i ii p vanishes on the higher ramihcation group Gp. 

(2) Assume [D] = X! n^pj is an ehective divisor on K (i.e. a hnite formal sum of 
its primes with n* > 0), we say that ram{p) < [D] if for all i rampfip) < n^. 

(3) We say that p is tamely ramified, if its ramihcation at any prime p bounded 
by 1. Otherwise, it is wildly ramified. 

Remark 2.14. We already dehned unramihed characters, note that p is unramihed 
ih its ramihcation is bounded by 0 at any prime p, this is true because of remark 

Elol 


We need the following notation in order to state the ramihed version of theorem 

El 


Definition 2.15. Let [D] = Y^UiVi be an ehective divisor on K. 

(1) The support of [D] is the set of valuations that occur with nonzero coefficient 
in [D], it is denoted Supp{D). 

(2) Define Um = {x e O^. '■ x = 1 mod m”)}. 

(3) Of, will denote the product fl x [] 

Vi&Supp{D) viSupp{D) 


Now we are ready to generalize the theorem 2.8 to the ramihed case: 


Theorem 2.16 (Ramihed class held theory). In the above notations: 

(1) For each character f : K''\AfrjOf) there exists a unigue continuous 

character p : Gk with ram{p) < [D] and p{Fry) = ^(tt^) for all primes 

V ^ Supp{D). 
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(2) For each continuous character p : Gk with ram{p) < [D] there exists 

a unique character ^ such that p{Fr^) = for all 

primes v ^ Supp{D). 

The following theorem will be useful immediately: 

Theorem 2.17 (Chebotarev’s density theorem). Let K'jK he a finite extension, C 
a conjugacy class of Gal{K'/K). The set of primes v unramified in K' such that 
the conjugacy class of Fr^ is in G has density jfGI jfGal{K' jK). 

Proof. (EH Theorem 6.3.1], □ 

Proof of uniqueness in \2.1(^ (1) Since is abelian, it is enough to check the 

value of p on conjugacy classes. By continuity of p, in order to prove that 
it is unique it is enough to show that it is uniquely defined on some dense 
subset of Gk- We know by the theorem how it is dehned on the conjugacy 
classes of Fr„ v i Supp{D) (namely p{Fr.f) = Hence we must prove 

that the set of such conjugacy classes of Fr^ is dense. By dehnition of the 
Krull topology, it is enough to prove that if K' jK is a hnite extension, then 
every element of Gal{K'jK) is the image of some (i.e. image of any 
element of this conjugacy class) under the quotient map Gk Gal{K'jK). 
By functoriality of the Frobenius, it is enough to show that any element 
of Gal{K'IK) is in a conjugacy class of some Frobenius, but Chebotarev’s 
density theorem states that this is indeed the case (actually, for inhnitely 
many places n). 

(2) Let X 6 Afr, we must show that it is generated by the elements ^ 

Supp{D). By the weak approximation theorem we can hnd an element y € 
K* £ such that y = x mod m”* for all Vi e Supp(D), hence {xly)y^ € [/„. 
but xjy is equivalent to x as an element of iF^\A^/0^, therefore we can 
replace x by xjy and assume that {x)y- e Un, for all Vi e Supp{D). 

If we denote valy(x) the value of x under the valuation dehned by v we 
have that as elements of iC’'\A^/0^, a; is equivalent to fl note 

vfSupp(D) 

that this product is actually hnite by dehnition of A^. We conclude that vr^ 
V i Supp(D) generates 

is a homomorphism, hence it is determined by its values on the generators 
Tiy V i Supp(D). Since the theorem requires that .^(vt.^) = p(Fry) it dehnes f 
uniquely on iF''\A^/0^. 

□ 


Therefore it remains to prove only the existence. 
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3. The generalized Picard group 

Remark 3.1. In this section we refer to the Zariski topology and not to the etale 
topology, unless otherwise stated explicitly. 

Our next goal is formulating the results of class field theory in terms of alge¬ 
braic curves, so that the machinery of algebraic geometry will help us prove them. 
The basic connection between field extensions, which we want to understand, and 
algebraic geometry is provided by the following result; 

Theorem 3.2. Let k he an algebraically closed field, there exists an equivalence of 
categories between the following: 

(1) (Function fields of transcendence degree one over k and k morphisms)°P. 

(2) Nonsingular connected projective curves and dominant morphisms. 

(3) Connected quasi-projective curves and dominant rational maps. 

Proof. |Hal Chapter I, Corollary 6.12]. □ 

The symbol °p in the above theorem, means the opposite category: the same 
category with arrows in the reverse direction. 

We remind this correspondence here in a few words, a more detailed account 
can be found e.g. in iBg. The connection between (2) and (3) is that every quasi- 
projective curve is birationally isomorphic to a unique nonsingular projective model. 

Also (2) corresponds to (1) by passing to the field of rational functions. If / : 
X -^Y is a. dominant morphism of nonsingular curves, then there exists a morphism 
between the fields of rational functions K{f) : K(Y) K{X) defined by 0 0o /. 

The following correspond to each other under the correspondence of the above the¬ 
orem To get the classical result we will use a similar correspondence for corves over 
the finite field F^, The following correspond to each other under the correspondence 
of the above theorem: 


Fields of transcendence degree 1 over k 

Nonsingular projective curves over k 

Morphism of k algebras 

Dominant morphism 

Unramified field extension 

Etale morphism 

Finite Galois extension 

Finite Galois covering 

Primes of K 

Points of X 


From now on unless otherwise stated explicitly, let X be a nonsingular projective 
connected curve over the the separably closed field k. 

The next thing to do is to find the geometric analog of K^\A^/Of). 

From now on, let D be a finite subscheme of X and [D] = Y^UiXi the corresponding 

i 

finite formal sum where Xi e |X| are different closed points and n* € N for all i. Recall 
that closed points of X correspond to places of K (the function field of X), and 
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elements of K correspond to rational functions. Note also that for any prime v, 
K^jO^ = Z, hence the group is the free abelian group generated by the 

primes of K. This motivates the following dehnition. 

Definition 3.3 (Generalized Weil divisors). (1) A Weil divisor on X - D is de- 
hned as an element of Div{X - D) - the free abelian group generated by the 
closed points of X - D. 

(2) Let / e /C^(X) i.e. a nonzero rational function such that VG / = 1 mod m”) 
(we also denote it by / = 1 mod D). We can associate to f a Weil divisor 
on X - D: (/) = 'Zxex ordx{f)x, where ordx{f) is the order of the zero 
of / in X. Weil divisors of the form (/) are called D-principal. The D- 
principal divisors form a subgroup of Div{X - D) since if /i ,/2 e )Cd(XY 
then (/ 1 // 2 ) = (/i) - (/ 2 )- Two divisors are called D-linearly equivalent if 
their difference is D-principal. 

(3) The quotient group of Div{X - D) hy the D-principal divisors is called the 
D-Weil class group of X and is denoted by CId(X). 

(4) Dehne the degree map deg : Div{X - D) Z by deg{Y, hxi) = Y,h recall that 
for any rational function /, deg{{f)) = Y,x^x(^'dx{.f) = 0, hence there exists 
a well dehned map on the quotient deg : ClniX) Z. The inverse image of 
d € Z under this map if the set of degree d divisors (under the equivalence 
Di ~ D 2 iff Di - D 2 = (/) for some / e Af^(X)), and is denoted also by 
C'D(X). 

(5) A Weil divisor D' = Y, hxi is called effective, if Mi --bi^ 0. 

(6) Let Di, D 2 be two Weil divisors, we say that Di > D 2 iff Di - D 2 is effective. 
We will write /i = /2 mod D' if (/i - / 2 ) > D' as elements of Div{X). 

Remark 3.4. Points of X correspond to primes of Ok and elements of K are 
rational functions on X. We obtain that in the case when X dehned over ¥q, 
CId(X) is exactly dehned above. 

From now on O denotes the sheaf of regular functions on X. 

Another useful way, which is more geometric, to look at divisors is using line 
bundles. We dehne it here: 

Definition 3.5 (Generalized Picard group). The generalized Picard group Pico^X) 
of X Is the moduli space of pairs (£, f) where £ is a line bundle on X, and f G- 
0\d is a trivialization over D (which mean a map f = Ylfi where ipi : 

OxJ^xi, ^£,xi is the maximal ideal of -CxJ- Two such pairs {C,f) and are 

equivalent if there exist an isomorphism 9 : C ^ C' such that the following diagram 
commutes: 
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^1 


D 


o\ 


D 




01 


D 


The group operation of the generalized Picard group is (g of line bundles, (£, -0) ® 
(£',-0') = where C" = C® C and xjj" is the composition C\d ® C'\d > 

0\d ® 0\d 0\d- It makes the PicoiX) into an abelian group. 

Remark 3.6. (1) The Picard group can be given a structure of a commutative 

algebraic group, it is done using the functorial approach to moduli schemes. 
The proof in the case D = 0 can be found in |K11 Theorem 4.8]. 

we 


Later, in propositions 3.13 3.14 and 3.16 and also in the proof of 7.7 


will show that hbers of specihc maps involving Picard schemes are isomor¬ 
phic to an affine space, projective space ar other variety as sets, all these 
isomorphisms are also isomorphisms of schemes, to prove it the functorial 
approach must be used. 

(2) In the above dehnitions, if we take D = 0 we obtain the usual well known 
examples, the class group and Picard group of X, they will be denoted simply 
by Cl{X) and Pic{X). 

(3) We defined the Picard group in terms of line bundles. Any vector bundle 
dehnes a locally constant sheaf by taking its sheaf of sections, this operation 
is an equivalence of categories between the category of fc-vector bundles of 
rank r and the category of locally constant sheaves of fc-vector spaces with 
dimension r (proof of this claim can be found e.g. in |LP1 Proposition 1.8.1]). 
Thus, in what follows we freely switch between these two categories and 
sometimes think on the Picard group in terms of locally constant sheaves of 
rank 1, i.e. invertible sheaves. 


Notation 3.7. When the curve X will be clear from the context, we sometimes 
omit it from the notation and write Cl^ and Pico instead of CId^X) and PicoiX), 
respectively. 

If X is dehned over F^, which is the most interesting case as far as class held 
theory concerned. The Picard group is just the automorphic side of class held theory, 
K^Wk/OI: 

Proposition 3.8. There exists an isomorphism of groups between K^\A^IOf) and 
the set of ¥q-points of Pico, PicD{¥q). 

Proof. Consider hrst the group B of triples of the form (£, {{(fx)}x^\x\) 4 >k) where C 
is a line bundle on X. Since C is locally constant, for any closed point x e |X| we 
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can trivilize it over SpecO^, let (f)^ ■ C,\specO^ ^ be such a trivilization. We can 
also trivialize it over some small enough open neighborhood, and therefore over the 
generic point SpecK, let us denote such a trivialization by (j)K '■ C,\specK ^ K. 

B becomes a group under the operation of tensor product, if (£j, {{(t)ix)} xi\x\) 4’iK) ^ 
B for i = 1,2 then their product (£, {(0a;)}a;e|x|, is dehned to be £ = £i (2) £ 2 , <Px 
is the composition: 


£l|specC>^ ® C,2\specO:, 


<j)\x®4*2x 


Or ® On 


s^s’^ 


Or 


and similarly for (j)x- 

We claim hrst that there exist an isomorphism of groups a : B ^ dehned as 
follows: let (£, {(0a:)}xe|A|, 0 a) ^ ® restricting each 0 to SpecKx we get isomor¬ 
phisms Px = (l)x° <P~K • SpecKx ^ SpecKx, these are elements of for all t , since 
£ is locally constant, almost all Px are in O* therefore this is an element of A^. 

a is homomorphism: let (£i, {(0ia:)}a:£|A|, 0iA) e B for i = 1,2 then consider the 
following isomorphisms: 


Kr 


-^S^S 


Kx ® Kx 


Kk'^ 


'l’2K 


^l\specKx ® '^2|spe( 


cKx 


Kx ® Kj 


S<S>S I 


Kx 


and under these maps we have: 


0li'(l) ® 02x(l) 5'lx(l) ® 5'2 x( 1) fi'lx(l)5'2x(l) = 91 x 92 x 

if (£, {(0a;)}a;£|A|,0A) = (£l, {(01x)}a;£|X|, 01 a) ' (£ 2 , {(02x)}x£|A|, 02A) the above map 
shows that 9x = 4>x° = 9 ix 92 x hence a is an homomorphism. 

a is injective. Indeed, assume (£, {(02;)}2;g|x|, 0a) ^ ker(Q;), therefore 9x = (t>x° 
(t>~K\specKx = 1 fbe identity, hence (t>x,(f>K ■ ^SpecKx ^ ^x are compatible, and by the 
gluing property we can glue them to get <p ■■ C ^ O, therefore (£, {{(i>x)}xG\x\, 4>k) is 
trivial. 

a is also surjective, let {(fi'a;)}a;e|x| ^ since by gluing to dehne a sheaf £ it 
is sufficient to dehne Co^ = £|specO, = Ox, Cr = £|specA = K and give gluing 
isomorphisms on the intersections: £c>^|s'pecA^ ^ £A|specA^- We take this gluing 
isomorphisms to be the required Qx the sheaf £ we obtain is locally constant since 
(px) e A^, and <px,<pK are dehned to be the identihcations = Ox and Cr = K, 
respectively. a(£, {(0a;)}a;£|A|, 0 a) = {i.9x)}x^\x\- 

If we consider pairs of the form (£, {(0a:)}xe|A|) as quotients of B, under the 
imorphism a it is it is the same as introducing the equivalence relation dehned by 
K^ on A^ hence there exists an isomorphism between K^\A^ and such pairs. 

Picoi^q) is a quotient of such pairs, the quotient map is (£, {(0a;)}a;e|x|) (-^;0) 

where iplspecOx = 4>x mod m”* here as usual m-a,. are the maximal ideals of Oxi- 
In particular, two such pairs (£, {(0a;)}a;e|A|) and (£', {0^}xe|A|) maps to the same 
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element of Picni^q) H ^ and the maps induce the same trivialization ifj over 
D, that is (03;° ^ We conclude that = PicD(^g) and we are 

done. □ 

Notation 3.9. We can define a map Od ■ Div{X - D) Pico hy x {0{x),'ijj) 
where 0(x) is the sheaf of regular function with (/) > [a:] and 0 • 0{x)\d Od is 
the identity map, this map induces a canonical isomorphism of group CId Pico, 
which will also be denoted by Od. 

Definition 3.10. 

(1) We can define an action act : {X-D)xPicD Pic^ by act{x, C) := Od{\_x])® 

C. 

(2) We sometimes use the notation act^ ■ Pic^ Pic^ for actx{C) = act{x,C). 

(3) In particular, taking (£,0) = {0,id) we obtain a map (j) : X - D Pic^, 
dehned by 0(a;) = Od{[x]). From now on, the letter 0 will be used only for 
this map. The image of 0 is actually contained in the connected component 
Pic]j of PicD defined by line bundles of degree 1. 

The following generalization of the classical notion will be very important for us 
later: 

Definition 3.11. A complete linear system is the set of effective divisors on X - D 
D-equivalent to some Dq. It is denoted by |Do|d- 

Notation 3.12. 1(Dq) will denote dimk{H^(X,0(DQ))). 

Proposition 3.13. In the case [D] = 0, Dq is a Weil divisor. The set |Do| is in 
one to one correspondence with the projective space H^{X,0{DQ))jk^ = pH^o)-i, 

Proof. na Chapter II, Proposition 6.13]. □ 

We now want to generalize the above proposition, and calculate the complete 
linear system in the ramified case, [D] > 0. 

Proposition 3.14. Assume Supp(Dq) Cl Supp(D) = 0, [D] > 0 and Dq>0 then the 
elements of the complete linear system \Dq\d corresponds to the points of the affine 
space H%X, 0 {Do-[D]))=AhDoAD]) 

Proof. H^{X,0{Dq - [D])) is the set of global sections of the sheaf 0{Dq - [D]), 
such global sections are just rational functions f ^ K that satishes for any point 
X e |X| ordx(f) > ordx{[D] - Dq), this is simply the statement that (/) > [D] - Dq 
or (/) + Dq - [D] is effective. 

We know that the constant function 1 e IF is in H^{X, 0(Dq)) since Dq is effective. 
Hence we can define a map H^{X, 0(Dq - [D])) H^{X, 0{Dq)) by / / + 1. 
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Also note that since Supp{Do) H Supp{D) = 0, a function / e H^{X, 0{Dq-[D'\)) 
satisfies / = 0 mod [Zi*], hence / + 1 = 1 mod [D]. 

On the other hand, / + 1 e H^{X^ 0{Dq)) therefore (/ + !) + Dq is effective. We 
obtain a map h : H^(X, 0(Do - [iZ])) \Do\d dehned by h{f) = (/ + !) + Dq. If we 
prove that h is bijective we are done. 

h is injective: we claim that if for two functions /i ,/2 e H^(X,0{Dq - [iZ])) 
satishes (/i + 1) = (/2 + 1) then fi = / 2 . Indeed, = 0 the zero divisor, it implies 

that e H^(X,0^) is a (nonvanishing) regular function, but X is projective, 
so a regular function is necessarily constant. Hence = X e and it follows 
that the difference /i - A /2 = A - 1 is a constant function. But if [D] > 0 and 
Supp(Dq) r\ Supp{D) = 0 then the only constant function in H^{X,0{Dq - [£>])) 
is zero, therefore A = 1 and fi = f 2 - 

h is surjective: we must show that any function that satishes g = 1 mod [iA] and 
(g) + iAo > 0 is of the form g = f + 1 where / e 0(Do - [iA])); this is easy: 

{g)+Do > 0 implies {f)+Do > 0 (because Dq is effective and /, g have the same poles). 
Also, g = 1 mod [iA] implies / = 0 mod [iA] and therefore ordx{f) > ordx{[D]) for 
any x e Supp(D). We conclude that (/) - [iA] + Dq is effective, in other words 
/ € ii°(X, oIDq - [£>])), so we are done. □ 

We now give a relation between the generalized Picard in the ramihed and un- 
ramihed case, but hrst we dehne: 

Definition 3.15. Dehne a functor : Sch°P Ab by: 

9l£)(T) = the group of trivializations of Otxx\txd- 

We state without giving a proof that this functor is representable by an algebraic 
group Rd whose set of /c-points is isomorphic to 0 

Xi^Supp^D) 

Proposition 3.16. There exist a natural surjective homomorphism of algebraic 
groups PicD Pic with kernel isomorphic to RoIGm- 

Proof. On the level of points, the kernel of the map PicD Pic dehned by (£, ijj) 1 -^ 
C consists of all trivializations fj : C\d ^ CA|d- Such trivialization corresponds 
to trivializations of the form 9 : 0\d 0\d, indeed, since C\d is trivial we can 

choose a trivialization fjQ : ^ 0\d and the map 6 ^ 6 o fjQ is bijective be¬ 
cause its inverse is composition with Therefore the hber is isomorphic to 

the set of all trivializations 9 : 0\£, ^ CA|d; a trivialization is an automorphism 
of n C>xil^xi preserving each factor, but this is simply multiplication by an 

Xi£Supp(D) 

element of Rd = 0 + m/)). There is another equivalence on the hber 

XiiSupp(D) 
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since by the definition of Pico two trivializations of O are considered the same if 
they differ by an automorphism of O i.e. nonzero constant function, hence the fiber 
is RijIGm- n 

Remark 3.17. Note that the statement is about algebraic schemes, but we proved 
a statement about the set of points. Therefore the proof is incomplete, to prove it 
as algebraic varieties, the functorial approach must be used. The method for the 
proof will be as follows: 

(1) Define functors ^ic£),^ic : Sch°P Ah by: 

^ic£)(T) = the group of invertible sheaves £ on T x X with trivialization 
over T X D, divided by the group of invertible sheaves on T x X which are 
pullbacks of a sheaf on T under the projection map T x X ^ T. 

^ic(T) = the group of invertible sheaves C on T x X. 

(2) Show that these functors are representable. Pic and Pico are by definition 
the schemes representing ^ic and ^ic^, respectively. 

(3) Give a natural transformation between the functors ^ic^ ^ic, it is simply 
the transformation that forgets the trivialization. 

(4) To conclude, show that natural transformation induces a surjective homo¬ 
morphism between the representing scheme Picn Pic, with kernel Rd- 

4. The stale fundamental group 

On our way to find geometric analogs of notions from class field theory, we now 
want to define the analog of the Galois group. The group Gal{K'^^lK), the max¬ 
imal unramified extension, turns out to be a more natural geometric object than 
Gal{KlK), so we define the geometric analog of Gal^K’^^jK). Recall that finite 
Galois unramified extensions of K corresponds to finite etale Galois covering of X, 
since the Galois group is the group of automorphisms of the covering, the following 
definition is very natural: 

Definition 4.1 (The etale fundamental group). Let X be a connected scheme, x a 
geometric point. Define a functor from the category of finite etale coverings of X 
to the category of sets F : FEt/X sets by F{Y) = Homx{x,Y). AutxiX) ^^ts 
on F{Y) such that if Y is connected, then the action is faithful. If the action is 
also transitive, then Y is called Galois over X. The functor F is pro-representable, 
i.e there exist a projective system {Xj X^ : i < j e 1} indexed by I of finite etale 
coverings Pi '■ X^ ^ X such that F(Y) = \imHomx{Xi,Y). The projective system 

i 

X = (Xi)i^i can be chosen such that the coverings pi '■ Xi ^ X are Galois coverings 
of X since the Galois objects are a cofinal system: for any finite etale covering 
Y' X, there exist Y Y' finite etale, such that X -> X is Galois. We define the 
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fundamental group of X to be: If i < j e I then the map Xj X* induces a map 
Autx{Xj) Autx(Xi) therefore this is also a projective system, and we can define: 
ni{X,x) = Autx{X) := \imAutx{Xi). There are some statements in this definition 

i _ 

given here without proofs, the proofs can be found in |Mnl] . 

This fundamental group is the group of automorphisms of the ’’maximal” etale 
covering, exactly as the group Gal{K'^^jK) is the automorphism group of the maxi¬ 
mal unramihed held extensions of K. Therefore, in the unramihed case of class held 
theory - this is exactly the group Gk we want to explore. We shall now give some 
properties of the fundamental group, which will be useful later. 

Remark 4.2. The fundamental group is independent of the base point, 7ri(X, x) —> 
7ri(X, x') canonically up to inner automorphism of 7ri(X, x). 

Notation 4.3. Following the above remark, we will sometimes omit the base point 
from the notation and write simply vri(X) instead of 7ri(X,x). 

When we refer to the fundamental group of a disconnected scheme (such as 
7ri(Pic(X))), the meaning is the fundamental group of one of its connected com¬ 
ponents; in all cases considered the components will have isomorphic fundamental 
groups. Sometimes the reference will be to some specihc connected component, and 
it will be clear which one from the context. 

Construction 4.4 (Functoriality of the fundamental group). Let f ■ Y ^ X be a 
morphism such that f(y) = x. we have a contravariant functor f* : FEtjX FEtjY 
dehned by base change f*{X') = X' xY. If a e ni{Y,y) we can dehne an element 

f^{a) e 7ri(X,x) as follows: if X' ^ X is a hnite Galois covering, then a gives 
an automorphism a of any hnite etale X' xY ^ Y (it is just its image under the 

quotient map 'KliY) -»■ 7ri(y)/7ri(X' x Y)). d induces an automorphism /*(«) of 
X' ^ X since by property of base change, the hbers of X' x X Y are naturally 

isomorphic to the hbers of X' X. We obtain a compatible set of automorphisms 
for all hnite Galois coverings X' X (compatibility follows from the fact that all 
automorphism came from quotients of the same a), this is the required element 
f^{a) € 7ri(X,x). 

We can translate between properties of coverings and the morphism /.^ : 7ri(X, y) 
7ri(X, x), for example: 

Proposition 4.5. : 7ii(Y,y) ->■ 7ri(X, x) is surjective iff for any connected etale 

covering X' -> X, X' ^Y is connected. 


Proof. |Mull Ghapter V, 5.2.4]. 


□ 
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We want to understand what happens to the fundamental group under a hnite 
etale covering. 

Proposition 4.6. Let n : Y ^ X be a finite etale covering and y e Y,x e X are 
geometric points such that 7i(y) = x. Then tt* : 7ri(F,i/) ^ ni^X^x) is injective, and 
it is of finite index. 

Proof. The fundamental group tii{Y) is by definition the group of automorphisms of 
the universal covering pj : Xi Y, X = {Xi)i^i, taking the composition fop^: Xi X 
this is also the universal covering of X. But clearly any P-automorphism is also 
X-automorphism so AutyiXi) < Autx{Xi). These inclusions induces the map on 
the fundamental groups vri(y) = lim Anty(X^) ^ 7ri(X) = Ymv AutxjXj). It is of 

i i 

finite index since we can consider a finite etale covering Y' Y such that Y' X 
is Galois. In this case 7ri(X') o vri(X) is a normal subgroup, and the quotient is 
just AutxiY') which is a hnite group since its size equal the degree of the covering 
Y' X. But 7ri(X') < vri(y) < 7ri(X) and the fact that 7ri(X') < 7ri(X) is of hnite 
index implies that 'XiiY) < vri(X) is also of hnite index, and we are done. □ 

Example 4.7. The projective line over a separably closed held k is simply connected 
(7ri(P^,5:) is trivial). 

In order to prove it we will use the following theorem: 

Theorem 4.8 (Hurwitz’s theorem). Let f :Y X be finite and separated morphism 
of curves (as in imi. curve here is nonsingular projective curve over an algebraically 
closed field k) of degree n then 2g(Y) - 2 = n{2g(X) - 2) + degR, where g stands for 
genus and R is the ramification divisor of f. 

Proof. |Ha| Chapter IV, Corollary 2.4]. □ 

Proof that is simply connected. We want to show that any hnite etale covering of 
P^ is trivial. Let f - Y P^ be a connected hnite etale covering. Finite morphisms 
are proper, etale morphisms are smooth. Hence Y is smooth, irreducible (since 
connected and smooth) i.e. a curve. Therefore we can use Hurwitz’s theorem for 
/ : V X = P^. Since etale morphisms are unramihed we have R = 0. According to 
Hurwitz 2g{Y) - 2 = n(p(P^) - 2) = -2n and the only solution is n = l,g(Y) = 0, a 
trivial covering P^ P^. □ 

Example 4.9. P’^, n > 2 is also simply connected. 

We prove it using: 

Theorem 4.10 (The connectedness theorem). Let Y be an irreducible variety, f : 
y P" o proper morphism and L^P^ a linear subvariety of codimension < dimY. 
Then f~^{L) is connected. 
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Proof. |DS1 Theotem II 1.4], 


□ 


Proof that P"- is simply connected. Let P^ ^ P"- be an inclusion of a linear subva¬ 
riety. And X' P"- be a finite connected etale covering. Then X' ^ P^ ^ P^ is 


connected according to the connectedness theorem. Proposition 4.5 above then im¬ 
plies that 7ri(P^) 7ri(P”) is surjective. But by the previous example, 7ri(P^) is 

trivial, hence also 7ri(P’^). □ 


In the case fc = C, the held of complex numbers, we have the etale fundamental 
group vri(X) and the topological fundamental group with respect to the complex 
topology 7rj°^(X(C)). A relation between the two groups will be useful in calcula¬ 
tions of fundamental groups. We can’t expect the two groups to be isomorphic in 
general, since topological covering spaces can be of inhnite degree while algebraic 
covering cannot. But there is still a strong connection provided by: 


Theorem 4.11 (The Riemann’s existence theorem). Let X be a connected scheme 
over C and Y' X(C) a finite unramified covering of complex analytic spaces, then 
there exist a unique finite etale covering Y ->■ X such that Y' = F(C). It gives an 
equivalence of categories between finite etale coverings of X, and finite topological 
covering of X(C). 

Proof. The case of X(C) complete can be found in |GAGAj and the general case in 

[GR] . □ 

Corollary 4.12. Let X be a connected scheme over C, then 7ri(X) = 7r|^°^(X(C)). 
Where" here means prohnite completion. 


Proof. Immediate from the Riemann existence theorem. The hnite quotients of 
^top(x((j^)) provided by Galois groups of hnite extensions, but hnite extensions 
are algebraizable by the existence theorem. And the etale fundamental group is 
exactly the inverse limit of the corresponding groups, i.e. the prohnite completion. 

□ 


This result helps us calculate the fundamental groups of curves over C; the fol¬ 
lowing will give us the result for curves over a held k of characteristic 0: 

Theorem 4.13. Let k^k' be an extension of separably closed fields. X -> Speck a 
proper connected scheme. Then the induced map 7ri(X x Speck') 7ri(X) is an 

Speck 

isomorphism. 

Proof. |Mnll Ghapter VII, Proposition 7.3.2]. □ 

Example 4.14. Assume Char(k) = 0 then the affine space is simply connected. 










18 


GEOMETRIC CLASS FIELD THEORY 


4.12 


Proof. The fact that 7rJ°^(Ag(C)) = 7rJ°^(C”') = 1 is well known, by corollary 
from the Riemann existence theorem 7ri(A^) = 1. Considering the inclusion Q ^ C, 
we obtain by the above theorem 7ri(A^) = 1. Since any separably closed held of 
characteristic 0 contains a copy of Q, we obtain an inclusion Q k, using the last 
theorem again we conclude that 7ri(A^) = 1. □ 


Example 4.15. Assume Char(k) = p then the fundamental group 7ri(A^)“^ is a 
pro-p group. 


Proof. We can show it by induction on n. 

The case n - 1 follows from |SGA11 XIII, Corollary 2.12], which calculates more 
generally the non-p part of the abelianization of the fundamental group in the affine 
curve case. It also follows from the Abhyankar’s conjecture, which gives the hnite 
quotients of the fundamental group of affine curves, and was proved for the affine 
line in |R,a] and in general in |Harb] . 

Assume that for n-1 the fundamental group is a pro-p group. By a basic property 
of the fundamental functor (see |Mul] ). the fundamental group of a hber product 
is given by vri(X xY) = 7ri(X) x 7ri(F) therefore 7ri(A^) = 7ri(A^“^) x 7ri(A^) 

so 7ri(A^)“'’ = 7ri(A^"^)“^ x 7ri(A^)“^ is a product of pro-p group by the induction 
hypothesis, and therefore a pro-p group. □ 

Remark 4.16. In the case Char{k) = p, the fundamental group 7ri(Afc)“^ is non 
trivial, since we have the Artin-Schreier extension k\_x\ /i;[a:,p]/(pP -y - a) which 

is hnite etale extension, for more details consult |Mi] . 

Definition 4.17. (1) A scheme X over k is separable (over k) if for any held 

extension A' of fc, X ® TT is reduced. 

k 

(2) A morphism f ■ Y ^ X is separable if Y is hat over X and for any point 
X e X the hber Y ® k{x) is separable over k{x). 

(3) A morphism f -Y X is a fibration if Y is locally for the etale topology a 
product of the form F x X for some scheme F. 


It is known from algebraic topology that hbrations give rise to exact sequences of 
the homotopy groups. We state an algebraic analog to this result: 

Theorem 4.18 (The hrst homotopy exact sequence). Assume that f : Y X is 
either a proper and separable morphism or a fibration. Assume also that X, Y, f~^{x) 
are geometrically connected. Then we have an exact sequence of the fundamental 
groups 

7ri(/"H^)) 7ri(y) 7ri(X) -> 1. 
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Proof. For the proper separable case see |MuH Chapter VI, 6.3]. For the case of 
fibration let p : X -> V denotes the universal covering of X, then we obtain a 
fibration with base X: 


F 


F 


^ idx f ^ 

XxY 

X 


Y 


X 


But a hbration over a simply connected scheme is trivial, therefore vri(F) = 7ri(X x 

Y). By an elementary property of the fundamental group, for a (pro-etale) covering 
X xY Y the map induced on the fundamental groups 7ri(X xY) 7ri(y) makes 

X X 

the former a subgroup of the latter. The quotient here is the group of automorphisms 
of the covering X x Y ^ Y which is exactly the fundamental group of X, this is 

X 

precisely the statement that there exist an exact sequence as required: 

7ri(F)-7ri(V)-7ri(X)-l. 

□ 

In the case of open immersions, we can say something about the map induced on 
the fundamental groups: 

Proposition 4.19. IfU,X are connected normal varieties, i'-U X is an inclusion 
of an open subscheme, then the induced map: : xi{U) vri(X) is surjective. 


Proof. |SGA11 IX, Corollary 5.6] 


□ 


We end this section by claiming that the fundamental group is independent of 
changing a ’’small” subscheme, the exact result is this: 

Theorem 4.20. Let X be a locally Noetherian regular scheme, U ^ X an open 
subscheme and assume X - U is of codimension > 2. Then the morphism induced 
by inclusion on the fundamental groups tti(U,Xq) ^ tti{X,xo) is an isomorphism. 


Proof. |SGAH X, Corollary 3.3] 


□ 


5. Grothendieck’s sheaf-function correspondence 

5.1. Representations and local systems. Let X be a connected scheme, x a 
geometric point. X^t is the etale site on X and Sh{Xet) the category of sheaves on 
the etale site. 
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The next step to make our statement of class field theory more geometric is the 
equivalence between representations of the fundamental group and local systems. 
Note that in this section a reference with topological meaning refers to the etale 
topology. For example: 

Definition 5.1. (1) A local system T e Sh{Xgt) on X is a locally constant sheaf 

of abelian groups on X. Here, ’’locally constant” means that there exist an 
etale covering {tj: X}i^i of X such that L*tF are constant sheaves. 

(2) A constructihle sheaf of abelian groups X e Sh{Xet) on X is a sheaf such 
that there exist a decomposition of X into a disjoint union of (Zariski) locally 
closed subset X = U A", such that X\x^ is locally constant. 

Remark 5.2. The results of this subsection have analogies for T a sheaf of R- 
modules. But for now, let X be a sheaf of abelian groups. 

The basic connection between representations of the fundamental group and local 
systems is: 

Theorem 5.3. The map X Xx is an equivalence of categories between locally 
constant sheaves of abelian groups on X with finite stalks and finite modules (or 
representations) of the algebraic fundamental group. 

Sketch of proof. Let us give constructions in both directions which are inverses to 
one another. Given a sheaf X we construct the corresponding representation of the 
fundamental group, we must show how 7ri(X, x) acts on Xx = G. Let X = {Xi)i^i be 
the universal covering of X, where pi '■ Xi ^ X are Galois coverings. 

The local system X must be trivial on the universal covering because it is simply 
connected: it has no nontrivial etale coverings to trivialize the local system, but 
we know that the local system can be trivialize using some covering (it is locally 
constant). So write p : X -> X (this map is only ”pro-etale”, because it is not 
necessarily locally of hnite type) and choose an isomorphism a : p*X G where 

G is the constant sheaf with stalk G {G an abelian group). This isomorphism is 
determined uniquely up to a choice of isomorphism of groups {p*X)z G for some 
^ over X. Note that a dehnes isomorphism of groups a^' '■ {p*X)z' ^ G for any point 
of X. 

Let g e 7ri(X, x), and let X = gz be two points of the universal cover over x. 
Then we can dehne p{g) to be the G-automorphism o g^ ^' ° C(z} e Aut{G) where 

gz,z' '■ {.P~^X)z' {p~^X)z is the map induced on the stalks by p : X -> X. 

Goncerning the other direction, given a representation p : 7ri(X, x) Aut{G) and 
an etale morphism G -> X we can dehne a local system on X. Let U denotes the 
product X X U, X{U) will be constructed as the set of all functions f ■■ U G 
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satisfying f(gz) = p{g)f{z) where g e ni{X,x) is an element of the fundamental 
group which acts on the hber of p, i.e on the first factor of U. 

□ 

We want to characterize local systems which are pullbacks of some other local 
system: 

Definition 5.4. Let G be an algebraic group (in our case G will be hnite) acting 
from the left on the scheme Y and let 

s:Y ^GxY,pi:GxY ^Y,i = 1,2, Qi-.GxGxY ^GxY,i = 1,2,3 
dehned for y ^Y, g,g' ^ G by: 

s(y) = (l,y),pi(g,y) = g-^y, P 2 (g,y) = y 
(ii( 9 , 9 ',y) = ( 9 ', 9 ~^y), 92(9, 9 ',y) = (99',y), 93(9,9',y) = ( 9 ,y) 

A G-equivariant sheaf on F is a sheaf IF on Y and an isomorphism a ■ p^X ^ p^X 
satisfying the cocycle conditions: 

s*(a) = idT, 92i(^) = 9lia) o q*(a) 

Proposition 5.5. Let n -■ Y ->■ X be a Galois covering with Galois group G = 
AutxiX), L:,y as above. For a local system T on Y, the following are equivalent: 

(1) There exist a G-equivariant structure on F, a -■ P 2 F p\F. 

(2) F - tv*F' for some local system F' e Sh(Xet). 

Proof. (1) ^ (2): F is G-equivariant if there exists an isomorphism a : p^F 
p\F satisfying the cocycle condition. The statement that r: '■ Y ^ X is Galois 
covering means that the map f '■ G xY ->Y xY defined by f{g,y) = {g~^y,y) is an 

isomorphism. 

Let Tii : Y X Y Y i = 1,2 be the two projections. It is clear that Pi = f o m 

X 

i = 1,2 therefore, since / is an isomorphism, the isomorphism a : p^F plF gives 
after base change under f~^ an isomorphism /3 = {f~^)*a ■ n^F vrJ'X. 

We can hnish the proof using the gluing property for sheaf on X. Let (fi'.Ui-^X) 
be a covering of X where fi are etale morphisms of hnite type, and let tti : Gj x Uj 

X 

Ui, 712 : Gj X Uj Uj denotes the projections. The gluing property of sheaves states 

X 

that to give a sheaf on X is the same as to give sheaves Fi on Ui and isomorphisms 
of sheaves on G* x Uf T^\Fi for all i,f. 

X 

In our case, the covering is simply tt : Y X, then (2) is equivalent to an 
isomorphism over ^between ti^F ^ n^F but /3 is exactly such an isomorphism. 

(2) ^ (1): The same proof, in the reverse direction, works here too. Note that 
the cocycle condition for equivariant sheaves becomes trivial. Indeed, the maps 
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a : Y xY Y ^ X coincide, and ii X = n*X' then the isomorphism /? : 

X 

is just the identity on a*T'. Therefore a : is also the identity and the 

cocycle condition follows immediately. □ 

Remark 5.6. If we denote the category of G-equivariant sheaves on Y by ShciXet) 
then Ti* : Sh(Xet) ->■ Shc^Yet) is an equivalence of categories. Its inverse is (vr*-)'^ : 
ShciXet) Sh{Xet) dehned by .F the invariants of the direct image. 

See I Vis] for treatment of the subject in a more general context. 

5.2. £-adic local systems. We hrst recall here some dehnitions concerning sheaves: 

Definition 5.7. Let £ F be a hnite extension, Op the ring of integers in F and 
rrii? its maximal ideal. 

(1) An Op-sheaf is a projective system (Fn)n€N where Fn is a constructible sheaf 
of OpjxvX modules such that Fn+i Fn induces isomorphisms Fn+i ® 

OF/m"+i 

OpjvcYp X Fn- 

(2) The category of F-sheaves is the quotient of the category of Op-sheaf hj the 

torsion objects (sheaves that killed by some power of i. Specihcally, these are 
sheaves such that for n large enough Fn = F is independent of n). 

Given an GiT’-sheaf F its image under this quotient is denoted by F ^■ 

(3) li Qi ^ F ^ F' are hnite extensions. Then there exists a functor from the 
category of F-sheaves to F'-sheaves F ^ F ® F' dehned by extension of 

coefficients. A Qg-sheaf is a direct limit l^Fp, where Fp is a F-sheaf and 
F runs through the hnite extensions of Q^. 

Definition 5.8. Let £ F be a hnite extension. Op the ring of integers in F and 
rrii? its maximal ideal. 

(1) An GiT’-sheaf (Fn)n£N is locally constant if each Fn is. 

(2) A F-sheaf F -F is a locally constant is F is. 

(3) A Q^-sheaf is locally constant, if it can be written as a limit of locally constant 
F-sheaves. Such a sheaf is called an i-adic local system. 

Remark 5.9. The dehnitions of direct and inverse images of sheaves and the state¬ 
ments of the previous subsection have analogs in the Fadic case. The process is the 
following: First, take inverse limit to get versions for Gi?-sheaves. Then tensor with 
F to get rid of the torsion and state version for F sheaves. Finally, by direct limit 
conclude the corresponding statements about Fadic local systems. We immediately 
state such a version of theorem 15.31 

Theorem 5.10. Let X be a connected scheme, x a geometric point, then there 
is an equivalence of categories between i-adic local systems on X and continuous 
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representations of7ii(X,x) in finite dimensional veetor spaees. It is defined by 

T ^ Tx 


Remark 5.11. (1) In particular we get a correspondence between one dimen¬ 

sional t'-adic local systems and characters. 

(2) We can use the theorem above to apply notions dehned for representations 
also for local systems and conversely. In particular, the notion of ramihca- 
tion of a local system is dehned to be the ramihcation of the corresponding 
representation. 


5.3. The Frobenius action. In this subsection, X will be an algebraic variety over 
the hnite held F^. 

Notation 5.12. X will denote X x SpecFg, it is an algebraic variety over F„. 

SpecWq 

The projection map X X will be denoted by nx- 

We will use the same notation for sheaves, if .F is a sheaf over X, we will write T 
for the pullback t^*xIF. 

Now we dehne three diherent endomorphisms of X\ 


Definition 5.13. 


(1) The absolute Frobenius Abx : X ^ X is dehned as the 


( 2 ) 


(3) 


identity on the underlying space and / 
similarly we can dehne Abx ■ X ^X- 


The geometrie Frobenius map 
X X SpecFq 

SpecWq ^ 

The 
X 


q- 


Fx 

X X Spec F, 

SpecWq 

arithmetie Frobenius map Fx 

X SpecFg ^X X SpecFg. 

SpecWq SpecWq 


X 


■ /”? on the structure sheaf Ox, 
X is the map Abx x • 


X X is the map idx x Ab^ 


SpecWq 


Notation 5.14. We sometimes omit X from the notation when it is clear from the 
context and write simply F, Ar and Ab for Fx, Arx and Abx respectively. 


Remark 5.15. 

(1) The geometric Frobenius Fx : X X is a morphism over Fg and Arx ■ X 
X is an automorphism of X corresponding to the Frobenius automorphism 
of the held extension Fg/Fg. 

(2) From the dehnition it is clear that the following relation between the Frobenii 
is satished: 

Arx oFx = Fxo Arx = Abx x AhspecWq = 

(3) The Frobenii are functorial. If 0 : X X is a map of schemes over F^ then 
Ahy o 0 = 0 o Abx- The equality as maps of the underlying spaces is clear, 
and the equality of the maps on the structure sheaves also follows since the 
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map g : Oy(U) 9^0x{U) is an homomorphism of rings, and therefore for 
/ 6 Oy{U) we have: = g{fY- We conclnde that 9 : X Y is the 

indnced map of schemes over ¥q, then Fyo0 = {AbY^idspec¥q)°i^^'^dspec¥q) = 
(9 X idspecfq) ° {Abx X idspecfq) = Fx therefore the geometric Frobenius is 
fnnctorial, and similarly for the arithmetic Frobenius Aty o 9 = 9 o Arx- 

Definition 5.16. A Weil sheaf F over X is a pair (X, i/’) where T is an £-adic sheaf 
over X and ^|J is an isomorphism of sheaves: : F*F X F. We can think about ^|J 
as an action of Frobenius. 

Construction 5.17. Let F = {F^fj) is a Weil sheaf on Spec¥q. .F is a sheaf on 
Spec¥q so it is just a vector space (corresponding to the stalk in the zero ideal 
of ¥q). The geometric Frobenius F is the identity morphism in this case, therefore 
: F ^ F is an endomorphism of this vector space, whose trace will be denoted by 
Tr(F). 

Proposition 5.18. For any sheaf F on X there exist a canonical isomorphism: 
9 : Ab*F ^ F. 

Proof |SGA51 XV, Expose §2, n°l]. □ 

We now give a structure of Weil sheaves to sheaves that come from X: 

Proposition 5.19. If F is a sheaf on X, then F = has a natural action of 
Frobenius that makes it a Weil sheaf. 

Proof. By the above proposition we have: {F o ArYF = Ab*F = F apply {Ar*)~^ 
on this equation to get F*F = {Ar*)~^F. Since Ar acts only on the second factor 
of the structure sheaf of X = X x Spec¥n we have ttx ° Ar = ttx and therefore: 

Spec Fq 

F*F = {Ar*)~^F = (Ar*)~^7rYF = = F 

Is the required action of Frobenius. □ 

Proposition 5.20. Let 9 '■ X ^ Y be a map, and let (X, "0) he a Weil sheaf on Y. 
Then the pullback 9*F has a natural action of Frobenius that makes it a Weil sheaf. 

Proof. We have the isomorphism xfj : F^F X F. Apply 9* to get 9*fj : 9*FyF ^ 9*F. 
But by functoriality of the Frobenius, 9 o Fx = Fy °9 therefore 9*fj : Ff^9*F X 9*F 
is an action of Frobenius on 9*F. □ 

Remark 5.21. If (Xi, V’l), (^ 2 ,^ 2 ) are Weil sheaves on X then the tensor product 
Fi ® F 2 has also a structure of a Weil sheaf by: F*{Fi ® F 2 ) ^ F*Fi ® F*F 2 

F\ ® F2- 
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Construction 5.22 (Sheaf-function correspondence). Let X(Fq) be the set of Fg 
points of X. To a Weil sheaf T = (X, -0) we can associate a function : X (Fg) ^ 
dehned by: 

r{x)=Tr{ilX) 

Where ix '■ S'pecFg X is just the Fg-point x. 


Remark 5.23. This notion is convenient since many useful functions come from 
sheaves, and operations on functions correspond to operations on sheaves. For 
example, lei g ■. X then: 

(1) Pullback of functions and sheaves correspond to one another, if X is a Weil 
sheaf on Y then: 

This property is immediate from the dehnition, since if x e X(Fg) maps to 
g{x) = y eY (Fg), then i*X = i^g*^ since iy = g o i^. 

(2) Tensor product of sheaves corresponds to product of functions, if Xi,X 2 are 
Weil sheaves on X: 




This is also trivial using the dehnition of the Weil sheaf structure on the 
tensor product and the fact that fi ■■ Vi Vi i = 1,2 are linear maps of the 
vector spaces V) then Tr(/i ® / 2 ) = Tr(/i)Tr(/ 2 ) 


More importantly, sheaves have other operations that don’t exist for functions, 
making them better objects to work with. 


6. Proof of the first part of class field theory 


6.1. Unramified case. Let X be a smooth projective connected curve dehned 
over Fg with function held K = Fg(X) we have already proved that PicD{X){¥q) = 
(3.8). The following statement will be useful: 


Proposition 6.1. Let H be a commutative algebraic group defined over Fg, then 
there exists a surjective morphism Lh ■ H{¥q) defined in the proof. 


Proof. The Lang isogeny L : H H is dehned by a F{a)la, where F : H H is 
the geometric Frobenius dehned above. L is a Galois covering with group of covering 
transformation ker{L) = H(¥q) (It acts on the covering by translation, ■ H ^ H 
is Tx{y) = xy). But 7ii{H) is the group of covering transformations of the universal 
covering, therefore H(¥q) is a quotient Lh : -»■ H(¥q). □ 


Remark 6.2. 
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(1) A character ^ : H(¥q) 


defines by composition with a character 




r„ 


by theorem 5.3 
by proposition 


which is eqnivalent to a one dimensional local system % on H 
Since % is defined over it has a strnctnre of a Weil sheaf 


5.19 We claim that 


Indeed, let x € H{¥q) and we use here the notations of the sheaf function 
The value of the function f^{x) is defined to be the 


correspondence 5.22 


trace of the action of Frobenius on the stalks of in the one dimensional 
the action of Frobenius is simply multiplication by an element of 


case, 


|X 

e ’ 


hence the trace is equal to this element, so by definition it is f^{x). 

On the other hand if i/ is a point such that L(y) = x then x = F{y)ly 
hence xy = F(y), therefore the action of Frobenius on i*'H is induced by the 
action of ■ H ^ H defined by Tx{y) = xy on the covering L : H ^ H. 
But the action of is exactly how x € H(¥q) acts on the covering, which is 
multiplication by ^(x). We conclude that /^(x) = ^(x). 


(2) If .F is a one dimensional local system on X and p : vri(X) 


the corre¬ 


sponding representation under the equivalence of theorem |5.10 T defines 


Weil sheaf by proposition 5.19 Let x e X be the F„ point of X corresponds 


to the valuation v of K, then p{Fr^) = f^{x). Indeed, consider the map 
defined by composition SpecWg ^ Spec Ox X. The inverse image of Fr^ 
under the map 7ii(Spec¥q) ->■ 7ri(X) is x x^ € Gal(¥ql¥q) hence the pull¬ 
back i*p is defined on the generator by i^p(x i-> = p(Fry). But x i-> x'? is 

simply the geometric Frobenius on the structure sheaf of Spec¥q. Therefore 
by definition f^{x) = Tr{i*F) = p{Fry). 


Proof of existence \2. g| (1). We start from a character ^ = PicD{¥q) 

Q^. By remark (1) above it gives a Weil sheaf % on Pico- We pull P back under 
the map (f : X - D ^ Pi cp de fined above in 3.10 to get a Weil sheaf F on X - D, 
therefore (using theorem 5.10) we get a representation p : 7ri(X - D) Q^. In the 


case [D] = 0 this is a character of vri(X) which is simply an unramified character of 
Gk. 

Now, it remains to show that p{Fry) = for an unramified prime v of K, (this 
proof will also work for the ramified case). Let x be the F^-point of X corresponding 
to V, by remark (2) above, p{Fry) = f^{x). Since 0(x) = 0{[x'\) we get by remark 
5.23 (1) that /-^(x) = /^(0([x])). But [x] corresponds to tt^ under the correspon¬ 
dence between Glp and hence by remark (1) above f^iO{[x])) = 

and we are done. □ 


6.2. Tamely ramified case. 
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Proof of existence in 2.16 (1), tame ramification case. Here [D] = is a sum of 


points with multiplicity 1. Let f : PicDifPq) 


be a character, and consider also 


In our case, proposition 3.16 gives a short exact sequence of schemes, since 
Horn(SpecFq,-) is left exact we obtain the sequence: 


1 - (nG^)/G^(F,) - Picd{¥,) 4 Pic{¥,) 


ExP{Spec¥q, (nGm)/Gm) 


Where we wrote the kernel Rd = n*Gm)/Gm explicitly in the tamely ramihed case. 

i 

By Hilbert theorem 90 we have ExP{Spec¥q^<Gim) = 1, and by properties of Ext, 
the last element in the sequence above is also trivial. 

But Gm(Fg) is of order g - 1, hence is trivial on the kernel, 

so it induces a character of rj : Pic(¥q) ->■ Q^. By the unramihed case proved above, 
we obtain from rj an unramihed representation r : Gk • By the construction of 
the above subsection, ^ itself gives a representation of p : Gk , and we want to 
bound the ramihcation of p. In the tamely ramihed case, the theorem states that p 
should be trivial on the ramihcation groups GP for j > 1. We already know from 

the unramihed case, that r = is trivial on GP for j > 0. But by proposition 

1^—I 

2.12 GP for j > 1 are pro-p groups and since g - 1 is prime to p, if p'^'^ is trivial 
on these group, then so is p. □ 


7. The main theorem 


Here, df is a smooth projective connected curve over a separably closed held k. In 
this section we state the main theorem of this paper, and show why it completes the 
proof of class held theory. Recall the maps (f : X-D ^ Pico, o>ct : {X-D)x Pico 
Picn from dehnition |3.10| and dehne: 


Definition 7.1. Let .T be a sheaf on X - D. A Hecke eigensheaf on Pico with 
eigenvalue .F is a pair (E,i), where T is a sheaf on Pico and i : act*E E m E is, 
an isomorphism. 

An isomorphism of Hecke eigensheaves {Ei,ii) and (E 2 ,i 2 ) is an isomorphism 
j : El E 2 such that the following diagram commutes: 

act*El —E m El 


act* j 




^2 


act*E 2 -^ E mE, 


In the unramihed case, the statement of the main theorem is the following: 
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Theorem 7.2. [The main theorem - unramified case] For any i-adic local system of 
rank 1 tF on X, there exists a Hecke eigensheaf {Ejr, ijr) with eigenvalue T on Pic 
satisfying (p*Ejr = F , it is unigue up to unigue isomorphism (here act is the same 
as above, but in the case [D] = 0). 

In the ramified case, the statement is a little more subtle, and we have to dis¬ 
tinguish between two cases, according to the characteristic of k. Only the case of 
Char(k) = p > 0 will be used to prove class field theory and we will prove it in the 
tamely ramified case, but since also proving the characteristic zero version doesn’t 
add any new difficulties, we will prove it too. But first, let us state them: 

Theorem 7.3. [The main theorem - ramified case, Char{k) = 0/ For any i-adic 
local system of rank 1 F on X - D, there exists a Hecke eigensheaf {Eyr,ijr) with 
eigenvalue F on Pico satisfying (j)*Ejr = F, it is unigue up to unigue isomorphism. 

Theorem 7.4. [The main theorem - ramified case, Char(k) = p[ For any i-adic local 
system of rank 1 F on X - D with ram{F) < [i5], there exists a Hecke eigensheaf 
{Ejr,ijr) with eigenvalue F on Picn satisfying 4>*Ejr = F, it is unigue up to unigue 
isomorphism. 

Proposition 7.5. A more general property than the Hecke eigensheaf property ac¬ 
tually holds: if m : PicD x PicD Picn is the group operation: (C,C') ^ C ® C 
then m*Ejr = Ejr h Ej:. 


Remark 7.6. In the characteristic zero version, note the absence of a condition 
about the ramification of the local system F. It implies that the condition on F 
doesn’t depend on D but only on Supp{D)] inspired by this, we can conjecture (and 
prove) that Tii^Pico) depends only on Supp{D) too. This is indeed the case. 

Proposition 7.7. Assume that Supp{D) = Supp{D') are two subschemes and 
Char(k) = 0, then Tri(PicD) = TTi{PicD')- 


Proof. Since we can pass through any two such divisors by a finite sequence of adding 
and deleting a point [x], without loss of generality it is enough to prove the theorem 
for the case [D'] = [D] + [x]. Where, of course, x e Supp(D). 

If we use the first exact sequence of homotopy 4.18| and the fact that the affine 
space (in characteristic zero) is simply connected 4.14, it is enough to prove that 
the kernel of the map Pico' Pico is A^. We consider this map as a map of 
groups, though it is actually a map of algebraic groups and to show it precisely the 
functorial approach must be used as we already stated above in proposition 3.16 
and its remark. 

Write [H] = 'ZiT'iXi + nx, the map g : Pico' Picn is defined to be = 

{Cj'iPId), therefore an element is in the kernel if C = O and the restriction of the 
trivialization to D is the identity. 
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A trivialization over D' is an automorphism of x f] Oxjvcixl preserving 

each factor and we are looking for trivializations such that the restriction to D is the 
identity, i.e. the automorphism is trivial when restricted to OxjviVx^W Oxjvaxi- Such 
trivializations are addition of elements from a e m”: b e Oxlxn^*^ ^ a + h ^ Oxjxn^*^ 
where we ignore the rest of the factors which are irrelevant for this discussion. Of 
course, the automorphism a is trivial iff a e therefore the kernel is simply 

but since Ox is a DVR we get that the latter is a one dimensional k vector 
space so it is non-canonically isomorphic (as an additive group) to k, which can be 
identified with A^. 

□ 


Proof of existence in theorem 2.16 (2). Let p : Gk be a continuous character 

with ram{p) < [D] as given in the theorem. Here X is a smooth projective connected 
curve defined over with function field K. p gives rise to a representation of 
7ri(X - D), with ramihcation bounded by [D]. By theorem 5.10, it is the same as 


Aadic local system IFp on X - D with ramihcation bounded by [D], pulling it ba ck 

Spec Fq 


using the map ttx-d • X 


D = (X-D) X 

SpecFg 


X-D hj proposition 


obtain a Weil local system (Xp,'0p) on X - D. Hence, by theorem 


7.4 


a unique local system Efr on PicD{X) such that act*Efr = Xp H Efr 


5.19 


we 


there exists 


Notation 7.8. To make notations simpler, let us denote the geometric Frobenii: 
Fpicoix) and AyroxFicolY) Av, Ap and Exp respectively. 


We want a structure of a Weil sheaf on E^^. We must establish an isomorphism 
i : EfEfr^ —^ Efr^. If we show that EfEjr^ also satishes the property: acPEfEfr^ = 
Tp Ki EfE^^ then we obtain the isomorphism j from the uniqueness assumption of 
the theorem. 


Indeed, since the Frobenius is functorial (remark 5.15 (2)), it commutes with act, 
so we obtain an isomorphism acPEfE^p^ = Ef^poct*Ej:^. By the property of Ep^ 
the latter is isomorphic to Ef^p{Ep H Ep ). Again by functoriality, the Frobenius 


commutes with projection, so this is the same as E 
Weil sheaf we get an isomorphism to Ep^EfEp^ 
we get the required isomorphism: act*E^E t^ = T, 
sheaf. 


X^P 




But since Ep is a 


p^. Composing all these isomorphisms 
EfEp . Therefore Ep is a Weil 
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F^pact* Et 




act*F*pEf 


Fp H F*pEp 


^xp(^p ® 



i 





To 


X 

D = 


We claim that the isomorphism act*Ep^ = EpM Ep^ is an isomorphism of Weil 
sheaves. Indeed, all the maps in the above diagram are isomorphisms. The middle 
sqnare commntes since j : FpEp^ ^ Ep^ is an isomorphism of Hecke eigensheaves. 
The cnrved arrow also commutes with the upper row since the Frobenius commutes 
with pullback and tensor product. The diagonal arrows are defined as the composi¬ 
tion of the corresponding maps such that the triangles will also commute, therefore 
the diagram is commutative. But by definition of the Weil structure on the tensor 
product and pullback (5.21 and 5.20 respectively), the diagonal arrows are exactly 
the action of Frobenius on act*Ep^ and EpMEp^. Therefore the commutativity of the 
big curved trapeze is exactly the statement that i is an isomorphism of Weil sheaves. 
It will follow later from the construction, that the isomorphism m*Ep = Ep H Ep of 
the generalized Hecke eigensheaf property will also be an isomorphism of Weil 
sheaves. 

We can now finish the proof, let us define the character ^ by: ^ : K’^\Ap 

Picoi^q) Qi, we want to show that ^ is indeed a homomorphism. To do this, we 
use the generalized Hecke eigensheaf property |7.5[ Ep has a structure of a Weil sheaf, 
and therefore so do m*Ep and Ep H Ep. The isomorphism of the Hecke eigensheaf 
property m*Ep = EpmEp is an isomorphism of Weil sheaves on PicD x PicB- There¬ 
fore, the functions that they define should be equal, so le t us calculate their value 
on the point {x,y) where x,y ^ Picoi^q)- By remark f'^*^^{x,y) = f^^{xy) = 
i{xy), and by the same remark i/) = f^^(x)f^^{y) = ^{x)^{y). Hence, 

d^y) = 

The last thing remains to prove is that p{Fry) = ^{ny) for all primes v i supp{D). 
Let X e X - D he the point corresponds to n, in particular it is dehned over F^. 
There exists an isomorphism of Weil sheaves on (X - D) x Pico'- act*Ep = Em Ep. 
Hence the functions these Weil sheaves defines should be equal, so let us cal- 
culat e their value on the point (x, 1) € (X - D)(¥q) x Picoi^q) using remark 
5.23 1) = f^^{act{x,l)) = f^^{0([x])) = where the last equal¬ 

ity holds since [x] corresponds to vr^ under the isomorphism between CId and 
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K^\A^lO^. On the other hand, by the same remark and since ^ is homomor¬ 
phism 1) = = f^{x). But f^{x) = p{Fry) 

by remark 6.2 (2). We conclude that p{Fry) = and we are done. □ 


8. Proof of the main theorem - unramified case 


In this section we prove our main theorem in the unramihed case, theorem 7.2 
The proof will proceed according to the following steps: 


(1) We hrst construct a local system .7^0) on the symmetric product 

(2) Using the map : XU) Pic'^(X), we give a local system on Pid^{X). 

(3) By the eigensheaf condition, we will extend it to a local system Ejr all 
Pic{X). 


This section is divided into three subsections, devoted for each part of the proof. 


8.1. Construction of local system on the symmetric product. We start by 
studying some properties of the symmetric product. 

Proposition 8.1. If X,Y are (quasi) projective varieties, then so is X x Y. 

Proof. Using the Segre embedding, details can be found in |Hul 1.7]. □ 

Proposition 8.2. Let X be a (quasi) projective variety with an action of a finite 
group G. then the quotient XjG exist, and it is a (quasi) projective variety. 

Proof. |Harrl Lecture 10]. □ 

Construction 8.3. Let X be a smooth, (quasi) projective connected algebraic 
curve. Then according to what we just proved, the power X'^ is a (quasi) projective 
and (clearly) connected algebraic variety of dimension d. The symmetric group 
Sd acts on this product by permuting the points, we get quotient which is (quasi) 
projective connected algebraic variety of dimension d, it is called the symmetric 
power of X and denoted XG), 

We now want to show that: 

Proposition 8.4. XG) is nonsingular. 

Remark 8.5. This is not true for the higher dimensional case. 

To prove this we must state hrst some well-known results. 


Theorem 8.6. A Noetherian local ring is regular iff its completion is. 
Proof. |AM1 Proposition 11.24]. 


□ 
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Theorem 8.7 (The fundamental theorem of symmetric polynomials). The algebra 
of symmetric polynomials over a field k in n variables is isomorphic to the free 
algebra of rank n over k: k[xi, ...,Xn\ = ^[xi,. After a completion at the 
ideals generated by xi,...,Xn it follows that also A;[[xi,x^]] =/c[[xi, ...,Xn]]'^". 

Proof. |Vinl Theorem 3.89]. □ 


Proof of proposition S.f We can now prove the proposition, hrst recall that smooth¬ 
ness is preserved under change of the base held, therefore ^ Speck is smooth 
iffXl'^) X Specks Speck so we can assume without loss of generality that k is 

Speck 

algebraically closed. 

By theorem |8.6 it is enough to prove that the completion of the local ring at any 
point of is regular. 

We check the point x = (xi...,Xrf) of X'^. Without loss of generality assume that 


yi Xl — X2 — ... — Xdi ^ 1/2 Xdi + l — ... — Xd2-d\ ^ ••• ^ ym Xd.^_i+\ — ■■■ — Xd 

otherwise we can switch between two coordinates without changing the local ring 
(by commutativity of the tensor product). 

The completion of the local ring at a point Xj is: Ox,xi = ^[[^]]) and in the 
product the completion is simply: 

A:[[xi]](2)...®A;[[xd]] ^ k [[ xi , ..., Xd ]] 

A function on the symmetric product is just a symmetric function, therefore the 
completion of the local ring is: 

Ox(d),x = k[[xi,...,Xd]]l{Sd, X ... X SdJ = 

k[[xu ..., Xd ,]]/ Sd ,^...^ k [[ xd ^^,+ i , ..., Xd ]]/ Sd ^ 

But by the symmetric polynomial theorem the latter is isomorphic to: 

k[[xi, ...,XdJ](2)...(2)/c[[xd^_,+i, ...,Xrf]] ^ k[[xi, ...,Xd]] 
which is regular, therefore X^^l is nonsingular at x and we are done. 

□ 


Let us begin now with the process of constructing a local system. From a n- 
dimensional Aadic local system .F on X, we can get a n'^-dimensional local system 
jrmd j^d_ next goal is to provide a local system tP^^l on the symmetric 

product Xl'^L 

To do this, consider the quotient morphism tt : X*^ X^^\ and dehne: 
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Definition 8.8. We define the diagonal of to be the set of points with at least 
two coordinates eqnal. We denote it by diag. By abuse of notation, its image under 
71 will also denoted by diag. 


Sd acts freely on X'^-diag (by definition diag is the set of fixed points of nontrivial 
permutations). By |Kni IV.2.3] ,restricting vr to the complement of the diagonal 
we obtain a finite Galois covering with Galois group 77\xd-diag • ~ diag 

XG) - diag. But is a G-equivariant sheaf. Indeed, in the notation of the 

definition of G-equivariant sheaf [5^ to define the isomorphism a we must establish 
for each g ^ Sd and f :U etale compatible isomorphisms X^‘^{g~^U) X 
where g~^U is the composition g~^ o f : JJ ^ X^ but from the commutativity of the 
following diagram: 


g^W = U 

X^ - 


u 


9 


f 


x = 


'^aO) 


X 


We see that {g ^ ° Hence we can define the isomorphism 

d ^ d. 

iF^'^{g~^U) = ®{7i*X){g^W) X = ®{7i*X){U) to be simply the permuta- 

2 = 1 2=1 

tion of the factors. _ 

Therefore, by proposition 5.5 and its remark, we have a local system on X^^l-diag: 
J^{d) = ari d vr’^XG) = 

The next step is to extend the local system to the diagonal, since local systems 
are equivalent to representations of the fundamental group, by theorem 4.20, it is 


enough to prove that the local system extends to an open subscheme U of XG) with 
codim{X^^l - f/, XG)) > 2. We take U to be the set of all points where at most two 
coordinates are equal. Indeed, XG) - G is of codimension 2, since the complement 
of the inverse image of U in X'^ is a finite union of subschemes defined by two 
independent equations (the equations {(xi,..., a;„) : Xj = Xj = x^} or {(xi,...,x„) : 
Xj = Xj,Xk = xi}). Therefore, and because the question is local, it will be sufficient 
to extend the local system to a point x with at most two coordinates equal. 

We can now assume without loss of generality that x = (xi,..., x^) where Xi = X 2 ^ 
X3... ^ Xd, and we want to extend the local system to x. By the gluing property of 
sheaves, if we can extend the sheaf locally over an etale covering, we can glue the 
extensions to get a a globally defined sheaf, therefore the question of extending a 
local system is an etale local question and we can pass to strict Henselization. Let 
















34 


GEOMETRIC CLASS FIELD THEORY 


US denote = SpecO^-^^, the strict Henselization at the point Xi. The restriction 
of T under ^ X is constant since T is locally constant. We must show that 
the local system extends to {X^^ x ... x X^^)!Sd (X x ... x X)ISd- But since only 
Xi = X 2 it can be written as {X^^ x)/S '2 xx... xX^.^ and we get a commutative 
diagram: 

Xxi X ... X Xx^ (Wjjg X Xx2^lS 2 X Xjjg X ... X Xx^ 


^xi ^ ^X2 


r2 


(^Xl ^ ^X2 


)/S2 


Where the horizontal maps are quotients and the vertical are projections. Let 


Qi • ^xi ^ 

as 




be the projections. The sheaf on X- 


Xi 


X Xx^ is defined 


. Similarly, a sheaf on Xx^ x Xx 2 


can be dehned as = 


® '?2-^lxa:5 . If we will extend to the diagonal, then we can 

dehne a sheaf ® ® ••• ® extending the sheaf 

to the diagonal. It is indeed an extension, since the map can be 
written as r 2 x id and the inverse of and ® ... ® q*d^\x^ under these 

maps gives qlX\j^^ and qlX\x^ ® ... ® respectively, so we are 

reduced to the case d = 2. 

In the case d = 2, we must extend the local system to the point {x, x) e X^^L This 
is an etale local statement, hence we can pass to the strict Henselization. Since T is 
locally constant, its restriction to X^, will be constant. Therefore we can assume that 
T is constant. It implies that is also constant (as tensor pro duct of restrictions 
of constant sheaves). Now, by the equivalence of categories 5.5 is the unique 


sheaf that its inverse image under vr is the constant equivariant sheaf (X®^, a) where 
OL : p\X^'^ -X p*X®^ acts permuting the factors as explained above (notation as in the 
dehnition of equivariant sheaf, 5.4). But we know such a sheaf, namely the constant 


sheaf on X^^) - diag. Therefore X^^^ is the constant sheaf and a constant sheaf is 
clearly extendable. 

The exte nsion is unique: local systems are equivalent to representations, from 
proposition 4.19 it follows that the map : 7ri(X('^) - diag) ->■ 7ri(X('^)) is surjective. 

is a representation then it is uniquely determined by 
}*, since p{a) = (p o i^)(if{a)). 


Therefore if p : 7ri(X('^)) 
the restriction (p o X) : 7ri(X(‘^) - diag) 


Remark 8.9. If h : X x X^"^) = X^^^jSd X^'^+B = X^^^jSd+i is the quotient map 
(which is dehned on the points by h{x,D) = D + [x]) then = X H X^B. 

Indeed, consider the diagram: 
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X xX'^ -> X xXW 

h 

Y 

^(d+1) 

Xd+l 1 -^ 

From the proof that extends to the diagonal, we can see that this extension 
is unique, so it is enough to prove the assertion outside the diagonal. To make 
notation easier, from now on in this remark, we will write simply for 

X'^-diag,X^'^^ -diag. Consider the Galois covering id x vrC) : X x X xXG)^ by 
the equivalence between sheaves on X x Xd and equivariant sheaves on X x X'^, it 
is enough to prove that the restrictions {id x = {id x 7rG))="(X H XG)) 

are isomorphic as S'^-equivariant sheaves. 

The restrictions are jr®G+i) and T H which are clearly isomorphic as sheaves 
(we denote this natural isomorphism by i). But since the equivariant structure 
on = ttGIxG) is permutation of the factors as explained above, we know that 
the equivariant structure on {id x 7rG))*X H XG)X H is permutation of the last 
d factors. But the equivariant structure on 7 rG+i)*XG+i) = ^^(d+i) S^+i- 

equivariant sheaf is also permutation of the factors. But ttG+i) is the composition: 

,V/y"7r(‘^) h 

^ X X X’^jSd —^ X^^^jSd+i therefore as an S'^-equivariant sheaf, the equi¬ 
variant structure on X®G+i) is also permutation of the last d factors (the action of 
the subgroup Sd < 5'rf+i). So both sheaves have the same equivariant structure and 
we are done. 

8.2. Local system on Pzc'^(X). 

Notation 8.10. Recall that Pic^{X) is the connected component in Pic{X) of 
degree d line bundles on X. 

Caution: don’t confuse with Pic£){X). 

Definition 8.11. Note that a point of XG) is an unordered d-tuple of points of 
X, which is exactly an effective Weil divisor of degree d, D € CP{X). So at least 
in the level of points, XG) classihes Weil divisors of degree d. Therefore, on the 
level of points we can dehne the Abel-Jacobi map 0G) : XG) Pic'’*, it is dehned 
by D' 0{D') where D' is any effective divisor on X, D' = Y,dx[x] with Y,x dx = d. 

X 

The functorial language, which we are not using here, shows that this is a map of 
schemes as in jKll §3]. 

We want to use the Abel-Jacobi this map to get from our local system pG) a 
local system Efr on Pic^. So we must calculate the hber of this map, to do this, 
we will use the Riemann-Roch theorem, whose statement and proof can be found in 
[Hal Chapter IV, Theorem 1.3]. 
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As a simple corollary of the Riemann-Roch theorem we obtain that if degD' = d> 
2g - 1 (here g is the genus of X) then 1{D') = degD' + 1- g = d+1- g. Proposition 


3.13 implies that in this case the hber of 0^'^) over £, which is the complete linear 
system of effective divisor linearly equivalent to £, is the projective space 

In the case d>2g - 1 the map (pD) is a £bration with hber therefore by the 


hrst exact sequence of homotopy (theorem 4.18), we have the exact sequence: 

7ri(P'^-ff) 7ri(Xl'^l) 1 

but by example 4.9 the projective space is simply connected. So we obtain an 
isomorphism ■ 7 ri(XD)^ 7ri(Pic'^). Then for any representation of p of 

7ri(X('^l) there exists a representation p' = p o of and we get 

p' o (pD) ^ = p. It is equivalent to state it in terms of local systems: if we take p to be 
the representation associated with pD ). Dehne E'^ to be the local system associated 
with p'. Then the relation p' o (p^'^\ = p implies that pD) = (pD)*E^. We therefore 
have the required local system on Pid^. 

8.3. Local system on Pic{X). We now have a local system on (J Pid^. Re- 

d>2g-l 

stricted to this part of Pic, we claim that there exists an isomorphism ijr : acPEjr 
P H Ejr, this is the Hecke eigensheaf property, or if we want to be more precise and 
pay attention to the degrees, we claim: : act*Ep^ P m E^. 

Indeed, the statement is that ijr is an isomorphism of local systems on X x Pid^. 
Recall that the hbers of the map id x (pD) : X x XD) x x Pied- are simply con¬ 


nected, therefore by the hrst exact sequence of h omot opy 4.18 and the correspon¬ 
dence between local systems and representations 5.3, the map Q !->■ (^id x (pD)yg 


is an equivalence of categories between local systems on X x Pid^ and local sys¬ 
tems on X X XD), So it is enough to prove that the restrictions are isomorphic: 
(id X (pD)y act* Ep^ = (id x (pD)y(x h EjP). Consider the (clearly commutative) 
diagram: 


X X XD) 




X X Pic'^ 


act 


xc+b 

0(d+i) 
Pi^d+i 


where h is as in remark 8.9 and (pD) the Abel-Jacobi map dehned in 8.11 By 


commutativity and by remark [8^ we indeed obtain that: 

(id X (pD)yact*Ey'^ = h* ((pD+^^)*Ep^ = h*pD+^) '^PmpD) ^ (id x epDy* (P m E^) 

It only remains to extend the local system to Pi(P, where d < 2g - 1. We argue 
by descending induction. 
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Proposition 8.12. Assume that there exists a local system Ejr defined on U PiC^ 

d>N+l 

satisfying the Hecke eigensheaf property then Ejr can he extended uniguely to a local 
system on U Pic^ which also satisfies the Hecke eigensheaf property. 

d>N 


Remark 8.13. By the above Subsection 8^ we have the base for the induction, a 

local system Ejr on U Pic'^ which satished the Hecke eigensheaf property. Hence, 
^> 2^-1 


if we prove the induction step in above proposition, we get that the local system 
can be extended to U Pid^ for any N e hence it can be extended to the whole 

d>N 

Pic and we are done. 


Proof of proposition \8.1^ To prove the proposition, we must introduce some nota¬ 
tions. Recall that for any point x e X we have the map act^ ■ Pic Pic dehned in 
dehnition 3.10 to be actx{C) = C^Oifxf). We dehne the map ix '■ Pic ^ X x Pic by 
= (x, C) and let 771^2 denote the projections of X x Pic to the hrst and second 
factor respectively. We immediately get that actx = act o i^ : Pic ->■ Pic, tii o i^ = 
Cx ■ Pic X the constant function with value x, and idpic = 'IT 2 ° ix ■ Pic Pic. 
Therefore, applying on act*E'^^ = ® 'x^E'^ we obtain the isomorphism 


( 1 ) 


actlEf^ = C*E^ 


•E^^ = Px 


rpd 

Pj: 


Recall the following well known statement from linear algebra: 


Proposition 8.14. Let V be a vector space over some field k and V* its dual space, 
then there exists a canonical isomorphism V <^V* ^ End(V). 

Since Ex is one dimensional, End{Ex) is naturally isomorphic to Q^. Hence, 
tensoring the last isomorphism with Ef we get: 


( 2 ) 


Efi = E*x 


I acPxEp 


d+1 


which is true for d > X + 1. The only thing we used to get this isomorphism is 
the Hecke eigensheaf property. Therefore, if we want the Hecke eigensheaf property 
to hold also for d = N, this equation also must be true, so it dehnes E^ given that 
is already dehned, hence the uniqueness assumption of the proposition holds. 

Concerning the existence, we clearly want to take equation (|^ with d = N and 
some point x as the dehnition of E^. 

To complete the proof of proposition |8. 12 we must show that the Hecke eigensheaf 
property holds for this dehnition of E^. It is done using the Hecke eigensheaf 
property for d = X + 1, we will write here a few isomorphisms and immediately 
explain them later: 
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act*E^^^ = act*{E* ^ act*E^'^‘^) = E*® (idx x actx)* ° act*(E^^‘^) = 
E* ® {idx X act^y {Em E^*^) = Em {E* ® act*Ey*y = E 


T 

Ey 


The first and last isomorphisms come from equation (|^ for d = N + 1 and d = N, 
respectively. The second is just the statement that for x € X: act o {idx x act^) = 
actx o act which follows from the commutativity and associativity of the tensor 
product. The third is true because the Hecke eigensheaf property holds for E^^^^ 
and the forth again follows from properties of tensor products. 

Therefore we get the Hecke eigensheaf property for E^ and the proof of proposi¬ 
tion 18.121 □ 


We also get the required local system in our main theorem |7.2[ and it proves the 
existence assertion in the theorem. 

In order to complete the proof of the unramihed version of the main theorem, we 
still have to show that the local system Ex is unique. 

Consider the composition: 


Xx ... xX 


d times 


idx...xidx(f) 


X X ... X X X Pic^ 


idx ...xidxact 


Xx...xXxPic2 


act 


Pic'^ 


d-1 times 


d-2 times 


The composition of the maps is X'^ 


T(rf) 


X(<i) 


0C) 


Pic'^. By the Hecke eigen¬ 


sheaf property act*E^ = E ® E^ ^ and since we require that (j)*Ex = E we ob¬ 
tain that under this composition the restriction of E^ is the S'^-equivariant sheaf 


(0O o 7 rC))*P|. = E^'^. Therefore, by the equivalence of proposition 5.5 and its 
remark, = pC). But for d >2g -1 the hbers of 0C) are simply connected, 

hence Efr is uniquely determined by XC) which is determined by E. But from 
proposition 8.12 Ex is uniquely determined by Ei for d>2g-l. Therefore Ex is 


uniquely determined by E and we are done. 


We can now prove proposition 7.5 


Proof of proposition 775 We hrst prove the proposition for m : Pic^ x Pic^ 
d>2g-l and then generalize it to m : Pic^ x Pic^' Pic^+’^' for d, d' e Z. 
Consider the commutative diagram: 


Pi^d+l 


X(‘^) X X 


Pic^ X Pic^ — 


. xC+i) 

Pi(.d+1 


where h is from remark 8.9 We have just seen that Ef is the unique sheaf on Pic’^ 


such that its restriction ^ XC). Therefore, to prove that m*Ey^ = E^ 

it is enough to prove that the restriction (0 x *]^d+i ^ jr ^ XC). Indeed, by 
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the commutativity of the diagram the former is: h* 

where the last equality uses remark 8^ It coucludes the case m : PiE x Pic'^ 
Pic^*^ d^N. 


Couceruiug the geueral case, it is euough to prove that if the propositiou is true 
for m ■ PicP- x Pid^' Pid^+'^' theu it is also true for m ■ Pid^^'^ x Pid^' -> pid^+d'+n 
aud for m : Pied- x Pid^'+'^ pj^f.d+d'+n -vy-pej-g n € Z. We will prove the hrst result 
(the secoud proceeds iu a similar mauuer). 

If we apply equatiou ([^ n times we get: 


(3) actl*Ef'^ = ® E^jr 

Note that this equatiou is meauiugful for auy n e Z, for uegative n we take the 
iuverses of act^ aud with respect to compositiou aud teusor product respectively. 
The equatiou is uot ouly meauiugful, but also true for uegative n, siuce by applica- 
tiou of act~^* to equatiou (j^ we get act~^*E^ = T* ®E'^^ aud iu the case of uegative 
n we cau apply it -n times to get ([^ for n. 

We start from the isomorphism m*Ep‘^ = Efr H E^. Clearly m o {aetp^ x id) = 
actip o m, so apply {actiP x id)* to the last isomorphism to get m*act^p*= 
act~'^*Efr H E^ by equatiou (|^ we get m*{P~®'^ ® ® Ep'^) H E^ 

but au iuverse image of a coustaut sheaf is coustaut, therefore (2) m *= 
p^^ri igi teusoriug with P^ we get the required rn*E'^'*‘^''*^ = E^'^ H E^ 

aud it completes the proof. □ 


9. Proof of the main theorem - ramified case 


We shall uow prove the ramihed versions of the maiu theorem. Most of the proof 
remains exactly the same. To be more precise, in steps (1) and (3) of the proof of the 
unramihed version, we don’t use the projectiveness of X at all. The only difference 
in the proof will therefore be in stage (2). We should distinguish here between the 
zero characteristic case and the case Char{k) = p > 0. 

9.1. Surjectivity of 0C) . Sur jectivity is needed in order to use the hrst homotopy 
exact sequence (theorem 4.18). In the unramihed case, : XO ^ Pid^ was 
surjective for d large enough. The reason was that given an invertible sheaf 0 < 
C € Pic, the zero divisor of one of its global sections, is an ehective divisor Dq with 

0C)(Zlo)=^. 


It is not so simple in the ramihed case, since in proposition 3.14 we assumed that 


C = 0{Do) where Dq is ehective. This assumption was necessary because we used 
the global section 1 e H^{X,C), which exists only in the ehective case. Hence, the 
method of the unramihed case doesn’t work in the case of inehective Dq. Therefore 
we must hud another way to prove surjectivity. 
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Let (C,'iIj) 6 Picjj, it is represented by a (not necessarily effective) Weil divisor 
Do 6 Div{X - D). We want to show that if degDo is large enongh, then there 
exists an effective divisor D-eqnivalent to Dq. In order to do this, it is enough 
to give a global section / e H^(X,C) such that / = 1 mod [D], as in proposition 
3.14[ But to do this, it is enough to show that 1 is in the image of the composition 
map H^{X,C) H^(X, Clo) H^{X,0\£)), we will show that this composition is 

surjective, it is enough to show that the hrst map is surjective, since the second is 
an isomorphism. 

Indeed, consider the short exact sequence of sheaves: 

0 ^ £(-[£)]) 

it induces a long exact sequence of cohomology: 

... ^ ^ H»(X,C\o) - i/HY£(-[C])) ^ ... 

but by Riemann-Roch theorem, if we take degDo > deg[D]-2g+2, we get H^{X, £(-[Zi)])) 
0, therefore the map H^{X,C) H^(X, C\d) is surjective as required. 


9.2. Char(k) = 0. After all this preliminary work, there remains almost nothing 
to do. In the unramihed case, we only used the fact that the hber of the map 
XD) -> Pic’^ is simply conn ected (it was the projective space) and the hrst exact 
sequence of homotopy 4.18 If we consider its ramihed analog {X - D)D) 


according to proposition |3.14 the hber over 0{Do) e PicD it is the affine space 
AdDo-[D])_ Noting that deg{Do - [P]) = d - deg[D] and using the Riemann-Roch 
theorem exactly as in the unramihed case (but for Dq - [P]), gives us the required 
hber in the case d - deg[D] > 2g - 1. In this case, the hber is (by Riemann-Roch) 
^d-deg[D]+i-g_ py example |4.14 the affine space is simply connected in the case 

Char{k) = 0, hence we are done. 


9.3. Char{k) = p > 0, tamely ramified case. The diherence from the Char(k) = 0 
case is that the affine space is no longer simply connected here. Given a representa¬ 
tion p : Gk with ramihcation bounded by [P] = Y,Xi (tamely ramihed), then p 

is trivial on the ramihcation groups G\.. By proposition 2.12, is trivial on G^., 
i.e. it is unramihed. Both p and p'^"^ dehne representations of 'Ki{X - D), hence 
also representations of 7 ri((X-Zl)G))^ as in the proof of the unramihed case. 

Recall now proposition 3.13| and proposition |3.14 which give the hbrations in the 
rows of the commutative diagram: 


Ad-deg[D]+l-g - 5^ - D)G) 




Picf) 


pd-g 


XG) 


J 

Pic^ 
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Since is unramified, by unramified class field theory, it gives a representation 
of and in particular by composition with /, a representation fi of 7ri(Picf,) 

such that /io0('^) = We use here the hrst exact sequence of homotopy (theorem 
4.18) to conclude that the restriction of to the fiber 7ri(A") is trivial. But by 
example 4.15 7ri(A”)“^ is a pro-p group and g - 1 is prime to p. Hence also the 
restriction of rj to the hber is trivial. Using the hrst exact sequence of homotopy 
again, rj induces a representation of 7ri(PA^), which is just what we want to prove. 
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